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Main results.
The Goldbach conjecture is that every integer not less than 6 is a sum of two odd primes. The conjecture still remains open. Let E(x) denote the number of positive even integers not exceeding x which cannot be written as a sum of two prime numbers. In 1975 Montgomery and Vaughan [15] proved that E(x) x 1−θ for some small computable constant θ > 0. For the number θ, see [1] - [3] . In [5] the author proved that E(x) x 0.921
, recently in [6] the author improved the result to E(x) x 0.914 . In 1951 and 1953, Linnik [8, 9] established the following "almost Goldbach" result.
Every large positive even integer N is a sum of two primes p 1 , p 2 and a bounded number of powers of 2, i.e.
(1.1)
Let r k (N ) denote the number of N in the form (1.1). In [10] Liu, Liu and Wang proved that for any k ≥ 54000, there exists N k > 0 depending on k only such that if N ≥ N k is an even integer then (1.2) r k (N )
Recently in [7] the author improved the constant to k ≥ 25000. In this paper we prove the following result.
Let r k (n) denote the number of representations of an odd integer n in the form
The second purpose of this paper is to establish the following result.
In particular , for ε = 0.9986
In what follows, L(s, χ) denotes the Dirichlet L-function. ε denotes a positive constant which is arbitrarily small but not necessarily the same at each occurrence. A will be sufficiently large, A < P .
Some lemmas.
Let N be a large integer,
Let A < q ≤ P , and let χ q be a non-principal character mod q. Write 
, then we have the lower bounds for λ 2 given in Table 1 . The entry 0.40, 0.706 indicates that λ 2 ≥ 0.706 whenever λ 1 ≤ 0.40 (see [5] ).
where * indicates that the sum is over primitive characters.
1.048λ ,
1.075λ ,
1.185λ ,
0.718λ ,
1.198λ ,
1.055λ ,
0.96λ ,
1.1968λ ,
This is Lemma 6 of [6].
3. The major arcs. By Dirichlet's lemma on rational approximations,
] may be written in the form
for some positive integers a, q with 1 ≤ a ≤ q, (a, q) = 1 and q ≤ Q. We denote by I(a, q) the set of α satisfying (3.1), and put
When q ≤ P we call I(a, q) a major arc. By (2.1), all major arcs are mutually disjoint. Let e(α) = exp(i2πα) and S(α) = N 1−ε <p≤N e(pα).
Let σ(n) denote the singular series in the Goldbach problem, i.e.
Theorem 3. Let n with |n| ≤ N 2 be a non-zero integer , and let P, Q satisfy (2.1). Then for even n we have
where
the O term occurring only when there exists β in Lemma 1.
As in (4.7) of [11] , we have
For the definitions of r j (n), see [11] .
Lemma 3. 
P r o o f. This lemma is similar to Lemma 5.5 of [15] , but our proof is similar to that of Lemma 5.2 of [14] . Define [14] , the first inequality holds. By the proof of Lemma 5.5 of [15] , the second inequality holds. Let
where * indicates that the sum is over for primitive characters χ d ; and
Here the max is over A < d 1 ≤ P .
Similarly to Section III of [2] we have
), where indicates that the sum does not contain the exceptional zero β. By the same methods as used in [1] we have (3.9)
Let (3.10)
.
239/L, then by Lemma 1 and Tables 1  and 2 we have
Hence in all cases we have By the definitions of r 7 (n), r 8 (n), r 9 (n), just as for D 16 (n), D 13 (n) in [1] - [3] , by Cauchy's inequality we have
by Lemma 4, (3.8) and (3.12) we have
Similarly
For r 9 (n), by the definition and Cauchy's inequality
By Lemma 4, (3.8) and (3.11)
When β does not exist, then there is no r 7 (n), r 8 (n). By Lemma 4, (3.8) and (3.13),
By Lemma 3 and (3.3), Theorem 3 follows.
Proof of Theorems 1 and 2.
In this section we let L := log 2 N , and let r k,k (n) denote the number of representations of n in the form
This is Lemma 7 of [10] . Let
Lemma 6. We have 
Since for fixed l ≥ 1,
instead of (3.7) of [12] we have
By the proof of Lemma 4 of [12] we have 
